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Abstract
Four-point one-loop nonsupersymmetric pure Yang-Mills amplitudes with the duality between
color and kinematics manifest have been constructed in previous work. Here, we extend the
discussion to fermions and scalars circulating in the loop with all external gluons. This gives
another nontrivial loop-level example showing that the duality between color and kinematics holds
in nonsupersymmetric gauge theory. The construction is valid in any spacetime dimension and
written in terms of formal polarization vectors. We also convert these expressions into a four-
dimensional form with explicit external helicity states. Using this, we compare our results to
one-loop duality-satisfying amplitudes that are already present in literature.
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I. INTRODUCTION
Recently, a duality between color and kinematics in gauge theories—also known as the
Bern-Carrasco-Johansson (BCJ) duality—has been uncovered [1, 2]. This duality has proven
very useful for constructing multi-loop amplitudes in (super)gravity and for studying their
ultraviolet properties [2–10]. Specifically, loop integrands in theories of (super)gravity are ob-
tained from gauge-theory integrands simply by replacing color factors with duality-satisfying
kinematic numerator factors, called BCJ numerators. This is known as the “double-copy”
construction, shown to be valid in Ref. [11].
At tree level, explicit forms of n-point, D-dimensional amplitudes satisfying the duality
have been found [12]. At loop level, the duality remains a conjecture, but there is already
nontrivial evidence in its favor, especially for supersymmetric theories [2, 5, 8, 13–17]. Be-
yond these explicit duality-satisfying constructions, the duality implies nontrivial relations
amongst gauge-theory color-ordered partial tree amplitudes [1, 18]. There is also an partial
understanding of the duality at the level of the Lagrangian [11, 19, 20]. The BCJ duality
also points to new hidden symmetries. In particular, in the self-dual case an underlying
infinite-dimensional Lie algebra corresponding to area preserving diffeomorphisms has been
shown to be responsible for the duality [19, 21]. Even after carrying out loop integrations,
the duality points to strong links between gravity and gauge-theory amplitudes [3–6, 9].
The duality was noticed long ago for four-point tree-level Feynman diagrams as a possible
way to explain certain radiation zeros [22]. For higher points or at loop level, the duality is
rather nontrivial and no longer holds for ordinary Feynman diagrams, but requires nontrivial
rearrangements to display it.
At loop level, the duality between color and kinematics has been extensively studied for
supersymmetric cases but less so for the nonsupersymmetric case. In particular, four-point
one-loop amplitudes in nonsupersymmetric (N = 0) Yang-Mills (YM) theory that satisfy
the BCJ duality have been constructed in Ref. [8]. They are valid in arbitrary dimensions
and written in terms of formal polarization vectors—i.e., the external states are not in a
helicity basis. The N = 0 YM theory of Ref. [8] contains only gluons. Here, we extend that
work by constructing duality-satisfying amplitudes that are valid for any adjoint matter
content circulating in the loop, still with external gluons. The construction closely follows
that of Ref. [8]. We begin by building an ansatz for the amplitude in D dimensions. We
use formal polarization vectors instead of dimension-specific helicity states. The ansatz is
then constrained to satisfy the BCJ duality. Furthermore, we demand that the kinematic
numerator factors of the ansatz obey the same relabeling symmetries as their corresponding
diagrams. Using a D-dimensional variant [23, 24] of the unitarity method [25], we enforce
that the ansatz obey the same unitarity cuts as the amplitude under consideration. These
D-dimensional unitarity cuts completely determine the integrated amplitude.
Because we have both gluon- and fermion-loop contributions, we can compare our results
to previously obtained one-loop duality-satisfying amplitudes with four-dimensional external
helicity states. Namely, we look at theN = 4 super-Yang-Mills (sYM) amplitude of Ref. [26],
the maximally-helicity-violating (MHV) N = 1 (chiral) sYM amplitude of Ref. [27], and the
all-plus-helicity N = 0 YM amplitude of Ref. [23]. We compare our results to the earlier
work by restricting the external states to four dimensions and putting the formal polarization
vectors into a helicity basis. While going to a helicity basis considerably simplifies our MHV
N = 1 (chiral) BCJ numerators, the all-plus-helicity N = 0 numerators are not particularly
simplified, because they contain complicated terms that integrate to zero.
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We organize the paper as follows. In Section II, we briefly review (1) the anatomy of
gauge-theory amplitudes, (2) the conjectured duality between color and kinematics, and (3)
how amplitudes in certain theories of (super)gravity are constructed as a double-copy of
(super-)Yang-Mills theories. In Section III, we present the BCJ numerators with adjoint
matter content circulating in the loop. These individual contributions are then combined to
construct BCJ numerators for the theories of N = 4 sYM, N = 1 (chiral) sYM, and N = 0
YM. We show the simplification in combining our formal-polarization BCJ numerators into
the four-dimensional supersymmetric theories of N = 4 sYM and N = 1 (chiral) sYM in
Appendix A. In Section IV, we review one technique for putting formal polarization vectors
into a helicity basis, with a slight digression found in Appendix B. In Section V, we compare
our BCJ numerators with the existing literature. Finally, in Section VI, we present our
conclusions.
II. REVIEW
An m-point L-loop gauge-theory amplitude in D dimensions, with all particles in the
adjoint representation, may be written as
AL-loopm = iLgm−2+2L
∑
Sm
∑
j
∫ L∏
l=1
dDpl
(2π)D
1
Sj
cjnj∏
αj
p2αj
, (2.1)
where g is the gauge coupling constant. The first sum runs over the m! permutations of the
external legs, denoted by Sm. The j-sum is over the set of distinct, nonisomorphic, m-point
L-loop graphs with only cubic vertices. Since a diagram can be identified by its propagators,
any diagram with quartic or higher vertices can be converted to a diagram with only cubic
vertices by multiplying and dividing by the appropriate propagators, i.e., factors that go as
p2α/p
2
α. The loop integral is over L independent D-dimensional loop momenta, pl. Associated
with graph j are the following:
• Sj : The symmetry factor that removes any overcounting from permutations of external
legs and also from any internal automorphism symmetries of the graph.
• 1/∏αj p2αj : The propagators affiliated with the graph.
• nj : The numerator that contains the nontrivial kinematic information, dependent on
momenta, polarizations, and spinors. (If a superspace form is used in supersymmetric
cases, it will depend also on Grassmann parameters.)
• cj : The color factor obtained by dressing every vertex of the graph with the group-
theory structure constant, f˜abc = i
√
2fabc = Tr([T a, T b]T c), where the hermitian gen-
erators of the gauge group are normalized via Tr(T aT b) = δab.
We briefly mention that the four-point one-loop amplitudes of Eq. (2.1)—which we will be
concerned with in this paper—can be written as [28]:
A(1)4 (1, 2, 3, 4) = g4
[
c
(1)
1234A
(1)
4 (1, 2, 3, 4) + c
(1)
1423A
(1)
4 (1, 4, 2, 3) + c
(1)
1342A
(1)
4 (1, 3, 4, 2)
]
. (2.2)
3
(i) (j) (k)
FIG. 1: The basic Jacobi relation for either color or numerator factors. These three diagrams can
be embedded in a larger (loop) diagram.
The A
(1)
4 ’s are the one-loop color-ordered amplitudes [29], which are independently gauge
invariant. The color factors, c
(1)
1i2i3i4
, are given by dressing the vertices of the one-loop box
diagram that has the external-leg ordering (1, i2, i3, i4) with the structure constants f˜
abc.
The numerators appearing in Eq. (2.1) are by no means unique because of the freedom
to move terms between different diagrams, also known as generalized gauge invariance [1, 2,
11, 30]. The BCJ conjecture is that, to all loop orders, this freedom can be utilized to find
representations of the amplitude where the kinematic numerators obey the same algebraic
relations that the color factors obey [1, 2]. In ordinary gauge theories, this is simply the
Jacobi identity,
ci = cj − ck ⇒ ni = nj − nk , (2.3)
where i, j, and k label three diagrams whose color factors obey the Jacobi identity. The
basic Jacobi relation is displayed in Fig. 1. The generalization of the identity to m-point
L-loop amplitudes is seen diagrammatically by embedding Fig. 1 in larger diagrams, where
the other parts of the three diagrams remain unaltered. Furthermore, if the color factor of
a diagram is antisymmetric under a swap of legs, we require that the numerator obey the
same antisymmetry,
ci → −ci ⇒ ni → −ni . (2.4)
We note that the numerator relations are nontrivial functional relations because they depend
on momenta, polarizations, and spinors, as discussed in some detail in Refs. [5, 31, 32].
Although we do not focus on gravity amplitudes in this paper, we briefly mention their
construction via the color-kinematics duality. Once a gauge-theory integrand is constructed
with the color-kinematics duality manifest, gravity loop integrands are obtained almost
trivially [1, 2]. One simply replaces the color factor in the gauge-theory integrand with a
kinematic numerator from a second gauge theory,
ci → n˜i . (2.5)
This leads to an expression of the gravity amplitude as a double-copy of Yang-Mills theory:
ML-loopm = iL+1
(κ
2
)m−2+2L∑
Sm
∑
j
∫ L∏
l=1
dDpl
(2π)D
1
Sj
n˜jnj∏
αj
p2αj
, (2.6)
where n˜j and nj are gauge-theory numerator factors. Only one of the two sets of numerators
needs to satisfy the duality of Eq. (2.3) [2, 11]. The double-copy formalism has been studied
at loop level in some detail in a variety of cases [2, 3, 5–7, 13, 14, 33].
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FIG. 2: The labeling convention that we employ both for numerators with formal polarization
vectors and for color-ordered amplitudes. The external legs have the ordering (1, i2, i3, i4), with
outgoing momenta k1, ki2 , ki3 , ki4 . The loop momentum is denoted by p1 ≡ p, while p2, p3, and
p4 are given by momentum conservation.
III. FORMAL-POLARIZATION BCJ NUMERATORS
In this section, we find the BCJ numerators for adjoint fermions and adjoint scalars
circulating in the four-point one-loop box diagram—Fig. 2(a)—with external gluons. For
completeness, we also provide the expression for a gluon in the loop. The box numerators
that we give are for the external-leg ordering (1, 2, 3, 4) and with the loop momentum labeling
convention p1 ≡ p, where p1 is shown in Fig. 2(a). The other BCJ numerators, such as
those displayed in Figs. 2(b-g), are found by solving the numerator Jacobi relations of
Eq. (2.3). Figs. 3 and 4 show the Jacobi relations diagrammatically. We note that the
right-hand sides of Figs. 3 and 4 can be written solely in terms of boxes. In these functional
numerator relations, we encounter box numerators with different external-leg orderings and
loop-momentum labels. However, we demand that these numerators are simply relabelings
of the box numerator that we give. (In this procedure, the polarization vectors must of
course be relabeled in addition to the external momenta and the loop momentum.) We also
demand that the box numerator is unchanged under the three rotation relabelings and four
reflection relabelings—the automorphisms of the box diagram. The other numerators have
analogous relabeling properties, which follow from the color-kinematics duality.
The construction of these BCJ numerators closely follows that of Ref. [8]. As we will
discuss, we generalize the constraints of Ref. [8] to accommodate matter in the loop, and
we also make additional constraints on internal bubble numerators (Figs. 2(f,g)) with su-
persymmetry in mind. First, we build an ansatz for the box numerator with external-leg
ordering (1, 2, 3, 4). The ansatz is a sum of all (468 ) possible terms, each with an un-
determined coefficient. Next, we impose the color-kinematics duality and the relabeling
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FIG. 3: The Jacobi relations determining either color or kinematic numerators of the four-point
diagrams containing either a triangle or internal bubble.
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FIG. 4: The color or kinematic Jacobi relations involving a bubble on an external leg or a
tadpole. These diagrams have vanishing contribution to the integrated amplitude.
properties mentioned above. This allows us to generate the other numerators needed to
construct the color-ordered amplitudes of Eq. (2.2). Then, we enforce that these amplitudes
obey the appropriate two-particle D-dimensional unitarity cuts of Fig. 5. Fig. 2 displays the
seven diagrams that contribute to at least one of the two two-particle unitarity cuts of the
color-ordered amplitude A
(1)
4 (1, i2, i3, i4). Because of our relabeling properties, we need only
to consider one of the color-ordered amplitudes, say A
(1)
4 (1, 2, 3, 4). Imposing the duality,
relabeling, and cut conditions fixes 447 of the 468
To clean up the expression, we the fix 12 of the remaining 21 coefficients by demanding
that all tadpole numerators vanish prior to integration. That is, the left-hand side of the
bottom two equations of Fig. 4 are set to zero. (In fact, solving just the bottom equation in
the figure is sufficient.) Because the tadpole integrals are scale-free in dimensional regular-
ization, they vanish regardless of the coefficient choice (see Ref. [34]). An important benefit
of imposing that the tadpole numerators vanish prior to integration is that the maximum
power of loop momentum in each BCJ numerator is pV , where V is the number of vertices
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FIG. 5: The two two-particle unitarity cuts in which the exposed internal propagators are put on
shell. The one-loop contributions to cut (a) come from Figs. 2(a,b,d,f), and the one-loop
contributions to cut (b) come from Figs. 2(a,c,e,g). Diagrams with a bubble on an external leg
and diagrams that contain a tadpole do not contribute to either cut.
in the loop. When supersymmetry is present, the maximum power is reduced to no more
than pV−2, with V − 2 ≥ 0. (At one loop, this well-known improved power counting can be
seen by using the second-order formalism for the fermion loop [35] and the background-field
gauge for the gluon loop.)
We now fix four additional coefficients so that the integrals arising from the diagram with
a bubble on external-leg 1—the first diagram of Fig. 4—are well-defined. (Our relabeling
properties ensure that the integrals from bubbles on different external legs are also be well-
defined.) In general, in the on-shell limit the intermediate propagator, 1/k21 ∼ 1/0, can
cause the the integrals to be ill-defined. Feynman diagrams avoid this because each term
in the bubble-on-external-leg-1 Feynman kinematic numerator contains at least one of the
following scalar products
p · ε1, p · k1, p2. (3.1)
This constraint along with the associated current conservation of the vacuum polarization
ensures that the power of k21 after integration is no lower than (k
2
1)
(D−4)/2. (In these integrals,
we use the prescription where k21 is not put on shell until the end of the calculation.) With no
powers of k21 in the denominator for D ≥ 4, the expression is well-defined. Thus, we demand
that each term in the bubble-on-external-leg-1 BCJ kinematic numerator contains at least
one of these scalar products, following the structure found with ordinary Feynman-gauge
Feynman diagrams. We now expound on this subtle restriction (see also Ref. [8]).
Fig. 4 shows that there are no terms with an odd power of loop momentum in the bubble-
on-external-leg-1 numerator due to the vanishing-tadpole condition. We choose coefficients
so as to eliminate terms with no loop momentum. Now, only terms quadratic in the loop
momentum remain, and they in fact contain at least one of the scalar products of Eq. (3.1).
By Lorentz invariance, we have∫
dDp
(2π)D
pµ pν
k21 p
2 (p− k1)2 =
1
k21
(
gµνk21 A+ k
µ
1k
ν
1 B
)
, (3.2)
where A and B are scalar integrals. If one of the loop momentum vectors of Eq. (3.2)
is contracted with ε1, then k1 · ε1 appears in the prefactor of integral B. This vanishes
immediately, so these terms cause no problem. Aside from k1 · ε1, simple power counting
(and noting that k21 is the only scale in the integral) reveals that all other terms after
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Ng Nf Ns(real)
N = 4 1 4 6
N = 2 1 2 2
N = 1 (vector) 1 1 0
N = 1 (chiral) 0 1 2
TABLE I: Four-dimensional supersymmetric field content.
integration are at least proportional to (k21)
(D−4)/2, as mentioned above. So, the integrals
clearly vanish for D > 4. In D = 4, the integrals are now well-defined and vanish in
dimensional regularization. We do note that the integral∫
dDp
(2π)D
k21
k21 p
2 (p− k1)2 =
∫
dDp
(2π)D
1
p2 (p− k1)2 (3.3)
vanishes through a cancellation of UV and collinear singularities (see Ref. [34]). Thus,
these integrals need to be included when calculating UV divergences in four-dimensional
Yang-Mills theory. It is interesting to note that in the corresponding gravity numerator
of Eq. (2.6), we ensure that there is an extra scalar product from Eq. (3.1) in each term
from multiplying two Yang-Mills numerators. Thus, in the gravity case, the integrals either
vanish due to k1 · ε1 or go as (k21)(D−2)/2, which also vanishes with no contribution to the UV
divergence.
These tadpole and bubble-on-external-leg constraints generalize those of Ref. [8] to deal
with matter content in the loop. Unlike Ref. [8] where the remaining five coefficients are
simply set to zero, here we add the additional simplifying constraint that the terms without
loop momentum vanish in the bubble numerator of Fig. 2(f). Internal bubble and bubble-on-
external-leg numerators now have no O(p0) terms, so they vanish in supersymmetric theories
due to the reduced maximum power of the loop momentum. The internal bubble and bubble-
on-external-leg conditions are also necessary for the further-improved loop-momentum power
counting in maximally-supersymmetric Yang-Mills theory (e.g., N = 4 in D = 4 or N = 1
in D = 10). Namely, the maximum power is pV−4, where V − 4 ≥ 0. This means that
triangle and bubble numerators vanish identically and that box numerators have no powers
of loop momentum. Henceforth, we fix all 468 coefficients using the above constraints.
Because the Jacobi relations are linear, the linear combinations of BCJ box numerators
also obey color-kinematics duality. Thus, we decompose the BCJ box numerator as follows:
n1234;p = Ng n
(gluon)
1234;p +Nf n
(fermion)
1234;p +Ns n
(scalar)
1234;p , (3.4)
where 1234 refers to the external-leg ordering and p is the loop momentum. n
(gluon)
1234;p , n
(fermion)
1234;p ,
and n
(scalar)
1234;p are the BCJ box numerators corresponding to individual field contributions in
the loop, which we provide below. The prefactors Ng, Nf , and Ns are the number of gluons,
fermions, and real scalars, respectively, circulating in the loop. For instance, the allowed
field content for supersymmetric theories in four dimensions is given in Table I.
Using the shorthand notation,
p1 = p, p2 = p− k1, p3 = p− k1 − k2, p4 = p+ k4,
Eij = εi · εj, Pij = pi · εj, Kij = ki · εj,
(3.5)
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and using the labeling convention of Fig. 2(a), the contribution from a real scalar field
circulating in the loop is as follows:
n
(scalar)
1234;p = −i
[
− 1
24
E12 E34 p21 p23 + 124 E13 E24 p21 p23 + 18 E14 E23 p21 p23 + 16 E12 P33 P44 p21
− 1
6
E13 P22 P44 p21 − E14 P22 P33 p21 − 16 E24 P11 P33 p21 + 16 E34 P11 P22 p21
+ P11 P22 P33 P44 − 112 E13 K42 P44 p21 − 112 E23 K41 P44 p21 + 112 E12 K23 P44 p21
− 1
12
E13 K12 P44 p21 + 112 E14 K42 P33 p21 − 112 E24 K41 P33 p21 + 14 E12 K34 P33 p21
− 1
6
E24 K31 P33 p21 + 112 E12 K24 P33 p21 − 112 E14 K12 P33 p21 + 14 E34 K41 P22 p21
− 1
12
E13 K34 P22 p21 + 16 E34 K31 P22 p21 + 112 E13 K24 P22 p21 − 112 E14 K23 P22 p21
− 1
6
E14 K13 P22 p21 + 112 E34 K42 P11 p21 − 112 E23 K34 P11 p21 − 112 E23 K24 P11 p21
− 1
12
E24 K23 P11 p21 + 112 E34 K12 P11 p21 + 112 E34 K41 K42 p21 − 112 E13 K34 K42 p21
+ 1
12
E34 K31 K42 p21 − 16 E23 K34 K41 p21 − 112 E23 K24 K41 p21 − 112 E24 K23 K41 p21
+ 1
12
E34 K12 K41 p21 − 112 E23 K31 K34 p21 + 112 E12 K23 K34 p21 − 112 E13 K12 K34 p21
− 1
12
E23 K24 K31 p21 − 112 E24 K23 K31 p21 + 112 E34 K12 K31 p21
]
+ cyclic. (3.6)
The notation ‘+ cyclic’ indicates a sum over the three additional cyclic permutations of
indices, giving a total of four permutations (1, 2, 3, 4), (2, 3, 4, 1), (3, 4, 1, 2), and (4, 1, 2, 3)
of the possible variables εi, ki, pi, s ≡ (k1 + k2)2, and t ≡ (k2 + k3)2.
The contribution from the gluon is the sum of a piece proportional to the scalar contri-
bution and extra terms, denoted n
(extra)
1234;p . Explicitly,
n
(gluon)
1234;p = Dg n
(scalar)
1234;p + n
(extra)
1234;p , (3.7)
where the proportionality factor, Dg ≡ D− 2, is the number of gluonic states—i.e., on-shell
degrees of freedom. The extra terms contribute the following:
n
(extra)
1234;p = −i
[
E12 E34 p21 p23 − E13 E24 p21 p23 − E12 E34 p21 p22 + E13 E24 p21 p22 − E14 E23 p21 p22
+ E14 E23
(
p21
)2
+ 4 E23 K41 P44 p21 − 4 E12 K34 P33 p21 + 4 E24 K31 P33 p21 − 4 E34 K41 P22 p21
− 4 E34 K31 P22 p21 − 4 E13 K24 P22 p21 + 4 E23 K34 P11 p21 + 4 E23 K24 P11 p21 + E12 E34 p22 s
− E13 E24 p22 s+ E14 E23 p22 s− E14 E23 p21 s+ 2 E13 P22 P44 s+ 2 E24 P11 P33 s
− 4 E34 P11 P22 s− 2 E34 K41 K42 p21 − 2 E34 K31 K42 p21 − 2 E13 K24 K42 p21 + 2 E14 K23 K42 p21
+ 6 E23 K34 K41 p21 + 4 E23 K24 K41 p21 − 2 E34 K12 K41 p21 + 2 E23 K31 K34 p21
− 2 E12 K23 K34 p21 + 2 E23 K24 K31 p21 + 2 E24 K23 K31 p21 − 2 E34 K12 K31 p21
− 2 E13 K12 K24 p21 + 2 E14 K12 K23 p21 + 4K24 K42 P11 P33 − 8K23 K34 P11 P22
− 8K13 K34 P11 P22 − 2 E34 K41 P22 s+ 2 E13 K34 P22 s+ 2 E13 K24 P22 s− 2 E14 K23 P22 s
− 2 E34 K42 P11 s− 2 E23 K34 P11 s− 2 E23 K24 P11 s+ 2 E24 K23 P11 s− 2 E34 K12 P11 s
− 4K23 K34 K42 P11 + 4K23 K24 K42 P11 + 4K13 K24 K42 P11 + 4K12 K23 K24 P11
+ 4K12 K13 K24 P11 + 12 E14 E23 s2 − 2 E23 K24 K41 s− 2 E12 K23 K34 s− 2 E23 K24 K31 s
− 2 E12 K23 K24 s− 4 E14 K12 K23 s− 2 E14 K12 K13 s+K13 K24 K31 K42 + 2K12 K23 K34 K41
+ 4K12 K23 K31 K34 + 2K12 K13 K31 K34 + 4K12 K23 K24 K31 + 4K12 K13 K24 K31
]
+ cyclic.
(3.8)
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Finally, we give the contribution from the fermion loop:
n
(fermion)
1234;p = −iDf
[
− 1
12
E12 E34 p21 p23 + 112 E13 E24 p21 p23 − 18 E14 E23 p21 p23 + 18 E12 E34 p21 p22
− 1
8
E13 E24 p21 p22 + 18 E14 E23 p21 p22 − 18 E14 E23
(
p21
)2 − 1
6
E12 P33 P44 p21 + 16 E13 P22 P44 p21
+ E14 P22 P33 p21 + 16 E24 P11 P33 p21 − 16 E34 P11 P22 p21 − P11 P22 P33 P44 + 112 E13 K42 P44 p21
− 5
12
E23 K41 P44 p21 − 112 E12 K23 P44 p21 + 112 E13 K12 P44 p21 − 112 E14 K42 P33 p21
+ 1
12
E24 K41 P33 p21 + 14 E12 K34 P33 p21 − 13 E24 K31 P33 p21 − 112 E12 K24 P33 p21
+ 1
12
E14 K12 P33 p21 + 14 E34 K41 P22 p21 + 112 E13 K34 P22 p21 + 13 E34 K31 P22 p21
+ 5
12
E13 K24 P22 p21 + 112 E14 K23 P22 p21 + 16 E14 K13 P22 p21 − 112 E34 K42 P11 p21
− 5
12
E23 K34 P11 p21 − 512 E23 K24 P11 p21 + 112 E24 K23 P11 p21 − 112 E34 K12 P11 p21
− 1
8
E12 E34 p22 s+ 18 E13 E24 p22 s− 18 E14 E23 p22 s+ 18 E14 E23 p21 s− 14 E13 P22 P44 s
− 1
4
E24 P11 P33 s+ 12 E34 P11 P22 s+ 16 E34 K41 K42 p21 + 112 E13 K34 K42 p21 + 16 E34 K31 K42 p21
+ 1
4
E13 K24 K42 p21 − 14 E14 K23 K42 p21 − 712 E23 K34 K41 p21 − 512 E23 K24 K41 p21
+ 1
12
E24 K23 K41 p21 + 16 E34 K12 K41 p21 − 16 E23 K31 K34 p21 + 16 E12 K23 K34 p21
+ 1
12
E13 K12 K34 p21 − 16 E23 K24 K31 p21 − 16 E24 K23 K31 p21 + 16 E34 K12 K31 p21
+ 1
4
E13 K12 K24 p21 − 14 E14 K12 K23 p21 − 12 K24 K42 P11 P33 + K23 K34 P11 P22
+ K13 K34 P11 P22 + 14 E34 K41 P22 s− 14 E13 K34 P22 s− 14 E13 K24 P22 s+ 14 E14 K23 P22 s
+ 1
4
E34 K42 P11 s+ 14 E23 K34 P11 s+ 14 E23 K24 P11 s− 14 E24 K23 P11 s+ 14 E34 K12 P11 s
+ 1
2
K23 K34 K42 P11 − 12 K23 K24 K42 P11 − 12 K13 K24 K42 P11 − 12 K12 K23 K24 P11
− 1
2
K12 K13 K24 P11 − 132 E13 E24 s t+ 116 E14 E23 s t− 18 E13 K24 K42 s+ 14 E23 K24 K41 s
− 1
8
E24 K23 K41 s− 18 E13 K12 K34 s− 14 E13 K12 K24 s+ 14 E14 K12 K23 s− 18 K13 K24 K31 K42
− 1
4
K12 K23 K34 K41 − 12 K12 K23 K31 K34 − 14 K12 K13 K31 K34 − 12 K12 K23 K24 K31
− 1
2
K12 K13 K24 K31
]
+ cyclic. (3.9)
Here, there is also a well-known proportionality factor, Df , that denotes the number of
states—i.e., on-shell degrees of freedom—of each fermion. The minimal spinor type corre-
sponding to each spacetime dimension is provided in Table II along with its number of states
(see Ref. [36]).
It is now simple to obtain BCJ numerators with four-dimensional external states that we
use to compare to earlier work in Section V:
nN=41234;p = n
(gluon)
1234;p
∣∣∣
Dg=2
+ 4 n
(fermion)
1234;p
∣∣∣
Df=2
+ 6 n
(scalar)
1234;p , (3.10a)
n
N=1(chiral)
1234;p = n
(fermion)
1234;p
∣∣∣
Df=2
+ 2 n
(scalar)
1234;p , (3.10b)
nN=01234;p = n
(gluon)
1234;p
∣∣∣
Dg=2
. (3.10c)
To explicitly see the simplification due to supersymmetry, we provide the N = 4 and N =
1 (chiral) box numerators in Appendix A. In Section V, we compare the numerators of
Eqs. (3.10) to the N = 4 numerators of Ref. [26], the N = 1 (chiral) MHV numerators of
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Dimension (D) Minimal Spinor Type # of States (Df )
3 Majorana 1
4 Majorana 2
5 Dirac 4
6 Weyl 4
7 Dirac 8
8 Pseudo-Majorana 8
9 Pseudo-Majorana 8
10 Pseudo-Majorana and Weyl 8
11 Majorana 16
TABLE II: The number of states in minimal spinors, dependent on dimension. We note that in
D = 5, 6, and 7, a symplectic Majorana condition can be applied among an even number of
spinors. We ignore this condition here.
Ref. [27], and the N = 0 all-plus-helicity numerators of Ref. [23]. But first, we discuss how
to put these formal-polarization expressions into a helicity basis in the next section.
Before we proceed, we clarify a few points related to our inclusion of matter. First, we
reiterate that using nonsupersymmetric field content in Eq. (3.4) still yields valid BCJ nu-
merators, but numerators with internal bubbles or bubbles on external legs no longer vanish
and the loop momentum power counting is not improved. Second, our N = 0 numerators—
generated by the box numerator of Eq. (3.7)—differ from those presented in Ref. [8] because
of our restrictions on the internal bubble numerators. Third, we emphasize that we are only
considering numerators with external gluons. Amplitudes with arbitrary field content on
the external legs do not always straightforwardly allow a BCJ representation. In particular,
consider two different flavors of scalars minimally coupled to nonsupersymmetric YM theory.
We notice at tree level that four external scalars of two different flavors can only scatter in
one channel. Thus, we cannot satisfy color-kinematics duality because the numerator Jacobi
relations relate three different channels. A remedy in this situation is to add a four-point
contact interaction that mixes the different flavors [9, 37, 38]. This is the interaction that
arises when nonsupersymmetric pure YM theory is dimensionally reduced from six dimen-
sions to four dimensions. This has been studied in some detail in the context of multi-Regge
kinematics in Ref. [37]. We expect similar properties for external fermions. Namely, we
expect that the duality works straightforwardly with only one flavor1; however, for multiple
flavors, we anticipate the need for flavor-mixing Yukawa interactions. Such interactions are
seen in N = 2 sYM theory in four dimensions. (N = 2 sYM theory in four dimensions
can be constructed by dimensionally reducing six-dimensional N = 1 (vector) sYM theory,
which has only one fermion flavor.) There are no such issues for our one-loop amplitudes
with external gluons and multiple flavors of matter in the loop; each diagram can only have
one flavor circulating in the loop at a time. However, this is not the case for higher loop
orders.
Finally, we mention that our BCJ numerators can be used in Eq. (2.6) to calculate am-
1 We note the restrictions of Ref. [39]: The four-fermion tree amplitude, Atree4 (1
ψ, 2ψ, 3ψ, 4ψ), can only satisfy
color-kinematics duality in D = 3, 4, 6, 10. We thank Radu Roiban for bringing this to our attention.
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plitudes in gravity theories. For our amplitudes, the external states can consist of gravitons,
antisymmetric tensors, and dilatons, as discussed in Ref. [8]. As an example of field content
in the loop, we note that the product of our gluon box numerator and fermion box numer-
ator, n
(gluon)
1234;p × n(fermion)1234;p , gives the box numerator for a gravitino and fermion circulating
in the loop. This agrees with simple state counting. The tensor product of the gluon and
fermion states yields Dg×Df states. Likewise, the total number of states of a gravitino and
a fermion is (Dg − 1)Df +Df = Dg ×Df .
Plain-text, computer-readable versions of the full expressions for the numerators can be
found online [40].
IV. POLARIZATION VECTORS IN A MOMENTUM BASIS
To compare our results to existing literature, we consider our numerators in specific four-
dimensional helicity configurations. (Because we use dimensional regularization, the loop
momentum is in D = 4− 2ε.) We do this by putting the formal polarization vectors into a
momentum basis, as in Ref. [41]. Because we are dealing with four-point amplitudes in four
dimensions, the momentum basis consists of three independent external momentum vectors
and an orthogonal dual vector. The dual vector is formed by contracting three independent
external momentum vectors with the four-dimensional Levi-Civita symbol:
vµ ≡ ǫ(µ, k1, k2, k3) ≡ ǫµαβγk1αk2βk3γ. (4.1)
We take care to preserve the phase factors associated with the polarization vectors. Phase
factors arise naturally in the spinor-helicity formalism via
〈ij〉 =
√
|sij|eiφij , [ij] =
√
|sij|e−i(φij+pi), (4.2)
where particles i and j have positive energy, i.e., k0i > 0 and k
0
j > 0 (cf. Ref. [42]). Also, we
define sij ≡ (ki + kj)2, so s ≡ s12 = s34, t ≡ s23 = s14, and u ≡ s13 = s24 = −s − t are the
standard Mandelstam variables. By antisymmetry of the spinor products and momentum
conservation,
φji = φij + π, φ24 = −φ13 + φ14 + φ23 + π, φ34 = −φ12 + φ14 + φ23. (4.3)
The combination of phase factors that appear in our calculations are immediately identified
with spinor-helicity expressions. For reference, we list the four-point combinations that arise:
e−2i(φ14+φ23) =
[12] [34]
〈12〉 〈34〉 ∼ helicity : + + + +,
e2i(φ12+φ13−φ14−2φ23) = −st
u
[24]2
[12] 〈23〉 〈34〉 [41] ∼ helicity :−+++,
e2i(2φ12−φ14−φ23) = − t
s
〈12〉4
〈12〉 〈23〉 〈34〉 〈41〉 ∼ helicity :−−++.
(4.4)
Of course, some care is needed when using dimensional regularization. The external
momenta, kµi ; formal polarization vectors, ε
µ
i ; and dual vector, v
µ, are still four-dimensional
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objects. However, the loop momentum, call it l˜µ, is in 4−2ε dimensions. We denote the four-
dimensional components of the loop momentum as lµ and the spacelike (−2ε)-component
as lµ[−2ε]. The −2ε dimensions only affect the l˜2 inner product. Specifically,
l˜ · ki = l · ki, l˜ · v = l · v, l˜2 = l2 − l2[−2ε] ≡ l2 − µ2, (4.5)
noting that we use the mostly-minus metric convention. The µ2 ≡ l2[−2ε] can be treated as
an effective mass of the loop momentum. (For the importance of the µ2 in loop calculations,
we direct the reader to Ref. [43].)
Using identities of the Levi-Civita symbol, we find the following properties of the dual
vector:
v2 = −1
4
stu, (4.6)
(l · v)2 = −1
4
[
tτ51(tτ51 − 2uτ52) + (cyclic permutations of 1,2,3) + stu(τ˜55 + µ2)
]
, (4.7)
where we define
τ5i ≡ l · ki, τ˜55 ≡ l˜2. (4.8)
Because the propagators in our amplitudes contain the (4 − 2ε)-dimensional l˜2’s, we write
the l2 term in (l · v)2 as l˜2 +µ2. This is the only vehicle through which µ2 terms arise in our
expressions.
Now, we put the polarization vectors into a momentum basis. We define a four-
dimensional representation of the polarization vector corresponding to an external leg with
momentum ki by
εµhi(i; j1, j2) ≡ Phi(i; j1, j2)
√
2
sij1sij2sj1j2
×
[
(kj1 · kj2) kµi + (ki · kj2) kµj1 − (ki · kj1) kµj2 + i hi ǫ(µ, ki, kj1, kj2)
]
. (4.9)
The arguments i, j1, j2 correspond to the external momenta ki, kj1, kj2, where kj1 and
kj2 are the reference momenta. µ is a free Lorentz index and hi = ±1 defines the helicity
state, which we sometimes simply denote as hi = ±. Phi(i; j1, j2) is a phase factor that we
determine in Appendix B to be
Phi(i; j1, j2) = −e−ihi(φij2−φj1j2+φij1). (4.10)
The coefficients of the basis vectors were determined by demanding the following:
ki · εhi(i; j1, j2) = 0, kj1 · εhi(i; j1, j2) = 0, ε∗±(i; j1, j2) = ε∓(i; j1, j2),
εhi(i; j1, j2) · εhi(i; j1, j2) = 0, εhi(i; j1, j2) · ε∗hi(i; j1, j2) = −1.
(4.11)
Note that i 6= j1 6= j2; otherwise, ǫ(µ, ki, kj1, kj2) = 0, and Eqs. (4.11) cannot be satisfied.
This implies that sij1sij2sj1j2 = stu.
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εi · εj ε1 ε2 ε3 ε4
ε1 0 −12(1− h1h2) 12(1 + h1h3) 12(1− h1h4)
ε2 −12(1− h1h2) 0 12(1 + h2h3) 12(1− h2h4)
ε3
1
2(1 + h1h3)
1
2(1 + h2h3) 0 −12(1 + h3h4)
ε4
1
2(1− h1h4) 12(1− h2h4) −12(1 + h3h4) 0
TABLE III: The inner product εi · εj in the representation given by Eqs. (4.13) with phase factors
suppressed. hi = ±1 corresponds to the helicity of leg i.
εi · ε∗j ε∗1 ε∗2 ε∗3 ε∗4
ε1 −1 −12(1 + h1h2) 12(1− h1h3) 12(1 + h1h4)
ε2 −12(1 + h1h2) −1 12(1− h2h3) 12(1 + h2h4)
ε3
1
2(1− h1h3) 12(1− h2h3) −1 −12(1− h3h4)
ε4
1
2(1 + h1h4)
1
2(1 + h2h4) −12(1− h3h4) −1
TABLE IV: The inner product εi · ε∗j in the representation given by Eqs. (4.13). hi = ±1
corresponds to the helicity of leg i
Choosing different reference momenta in Eq. (4.9) changes the expression by at most a
gauge shift. For example,
εµh1(1; 3, 4) = ε
µ
h1
(1; 2, 3)−
(
Ph1(1; 2, 3)
√
2
stu
t
)
kµ1 , (4.12a)
εµh3(3; 4, 1) = ε
µ
h3
(3; 1, 2) +
(
Ph3(3; 1, 2)
√
2
stu
t
)
kµ3 , (4.12b)
where we enforce momentum conservation. We choose the following reference momenta that
simplify our N = 1 (chiral) result, which we present later:
εµ1 → εµh1(1; 3, 4), (4.13a)
εµ2 → εµh2(2; 3, 1), (4.13b)
εµ3 → εµh3(3; 4, 1), (4.13c)
εµ4 → εµh4(4; 3, 1). (4.13d)
For consistency, we use this choice throughout the remainder of the paper. Other gauge
choices do not affect the N = 4 result, and the N = 0 expression will be equally lengthy
regardless of reference momenta choices. With this representation, we tabulate the inner
products εi · εj in Table III, where we suppress the phase factors, and εi · ε∗j in Table IV.
Also, we suppress the phase factor along with
√
2/(stu) and list εi · kj in Table V.
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εi · kj k1 k2 k3 k4
ε1 0 −12st 0 12st
ε2
1
2su 0 0 −12su
ε3
1
2 tu −12tu 0 0
ε4
1
2 tu −12su 0 0
TABLE V: The inner product εi · kj in the representation given by Eqs. (4.13), suppressing the
phase factor and
√
2/(stu).
We draw attention to the fact that putting the polarization vectors into a momentum basis
using the prescription above introduces a degree of non-locality. Each expression in a four-
point numerator will have the non-local factor 4/(stu)2 since ε1, ε2, ε3, and ε4 are present
in each term. This is the same degree of non-locality that is present in the N = 1 (chiral)
numerators of Ref. [27]. In addition, the relabeling symmetries of the formal-polarization
numerators in Section III are, in general, lost once the polarization vectors are put into a
momentum basis. Thus, instead of one box numerator, there are now three unrelated by
relabeling.
V. BCJ NUMERATOR COMPARISONS
Here, we compare our BCJ numerators to existing representations in literature. Even
if two sets of BCJ numerators satisfy the color-kinematics duality and obey the same uni-
tarity cuts, we do not expect exact agreement because of the freedom of generalized gauge
invariance [11]. Regardless, we show that the discrepancy in the amplitudes vanish upon
integration.
A. N = 4 Super-Yang-Mills BCJ Numerators
As a warm-up exercise, we find duality-satisfying kinematic numerators in a helicity basis
for N = 4 sYM theory. We do not immediately exploit the simplicity of the one-loop N = 4
box numerator, namely that it is proportional to the tree amplitude. Thus, the procedure
that we outline here can be used in the more complicated cases described in the following
subsections.
In general, we lose the relabeling properties mentioned in Section III when we convert
formal polarization vectors to a helicity basis. So, we first relabel Eq. (A2) to get the three
independent box numerators with external-leg orderings (1, 2, 3, 4), (1, 4, 2, 3), and (1, 3, 4, 2).
(The box numerator with external-leg ordering (1, 4, 3, 2), for example, is the same as the box
numerator with external-leg ordering (1, 2, 3, 4) up to a relabeling of the loop momentum.)
Then, we make the polarization-vector substitutions of Eqs. (4.13). Solving the numerator
Jacobi relations, we generate all other independent numerators. (Alternatively, we could
find all of the numerators with formal polarization vectors first, then apply Eqs. (4.13).) In
this and the following subsections, we refer to Fig. 6 for numerator labeling conventions. We
use ni to denote the kinematic numerator corresponding to Fig. 6(i).
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lk1
k2 k3
k4
(1)
l
k1
k4 k2
k3
(2)
l
k1
k3 k4
k2
(3)
l
k1
k2
k3
k4
(4)
l
k2
k3
k4
k1
(5)
l
k3
k4
k1
k2
(6)
l
k4
k1
k2
k3
(7)
l
k1
k3
k4
k2
(8)
l
k2
k4
k1
k3
(9)
l
k1
k2 k3
k4
(10)
l
k1
k4 k2
k3
(11)
l
k1
k3 k4
k2
(12)
FIG. 6: The labeling convention for numerators with polarization vectors put into a momentum
basis. The labeling is identical to that of Ref. [27].
For the all-plus- and single-minus-helicity configurations,
h1 = ±, h2 = +, h3 = +, h4 = +, (5.1)
our N = 4 numerators vanish identically,
n1-12 = 0. (5.2)
For the MHV configuration,
h1 = −, h2 = −, h3 = +, h4 = +, (5.3)
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our numerators are
n1-3 = −is2e2i(2φ12−φ14−φ23)
= stAtree4 (1
−, 2−, 3+, 4+), (5.4)
n4-12 = 0, (5.5)
where Atree4 is the color-ordered four-point tree amplitude. These results are expected since
Eq. (A2) was already identified as stAtree4 in Appendix A even before external helicities
were specified. It is well known that the tree amplitude is nonvanishing only for the MHV
configuration. Also, the crossing symmetry of stAtree4 (1
−, 2−, 3+, 4+) assures us that all three
box numerators should be identical. Because the box numerators are identical and there is
no loop momentum present—as discussed in Section III—that might need to be relabeled,
the numerator Jacobi equations show that the non-box numerators vanish. All of these
results agree with Ref. [26].
B. N = 1 (chiral) Super-Yang-Mills MHV BCJ Numerators
Using the same procedure as Section VA, we now construct N = 1 (chiral) numerators in
the MHV configuration, similar to those in Ref. [27]. We again use the labeling convention
of Fig. 6, which is identical to the convention of Ref. [27]. Also, we extract a factor of
stAtree4 (1
−, 2−, 3+, 4+) from our numerators [5, 27, 44]. We define the quantity Ni by
ni = stA
tree
4 (1
−, 2−, 3+, 4+)Ni. (5.6)
The resulting Ni’s are then,
N1 =
1
2s2
(4τ51τ53 + 4τ52τ53 − 2tτ51 + 2uτ52 + sτ˜55) + µ2s , (5.7a)
N2 =
1
2s2
(4τ51τ53 + 4τ52τ53 + 2sτ53 + sτ˜55) +
2i
s2
(l · v) + µ2
s
, (5.7b)
N3 =
1
2s2
(4τ51τ53 + 4τ52τ53 + 2sτ53 + sτ˜55) +
µ2
s
, (5.7c)
N5 = − 2is2 (l · v) , (5.7d)
N7 =
1
s2
(tτ51 − uτ52 − sτ53) + 2is2 (l · v) , (5.7e)
N8 =
2i
s2
(l · v) , (5.7f)
N9 =
1
s2
(tτ51 − uτ52 + sτ53) + 2is2 (l · v) , (5.7g)
N4 = N6 = N10 = N11 = N12 = 0, (5.7h)
where v, µ2, and τ5i are as defined in Eqs. (4.1), (4.5), and (4.8), respectively. These nu-
merators have the same simplicity as those of Ref. [27]—which we denote N˜i—but they do
not match exactly. (In this section and the next, we use a tilde to denote the results con-
structed from existing literature, Ref. [27] in this case.) Furthermore, the exact numerators
of Ref. [27] cannot be obtained simply by choosing different reference momenta in Eq. (4.13).
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The differences between our box numerators and theirs are
∆N1 =
i
2s2tu
[
stu(τ˜55 + 2µ
2)− 4s2τ51τ52 − 4u2τ51τ53 − 4t2τ52τ53 + 2tu2τ51 − 2t2uτ52
]
,
(5.8a)
∆N2 = ∆N1, (5.8b)
∆N3 =
i
2s2tu
[
stu(τ˜55 + 2µ
2)− 4s2τ51τ52 − 4u2τ51τ53 − 4t2τ52τ53 + 2s2tτ51 − 2st2τ53
]
.
(5.8c)
(We use ∆ to denote our result minus the result from literature, eg. ∆Ni ≡ Ni − N˜i.)
To verify that our numerators of Eq. (5.7) produce the same physical result as those
in Ref. [27], we show that the three independent color-ordered amplitudes A
(1)
4 (1, 2, 3, 4),
A
(1)
4 (1, 4, 2, 3), and A
(1)
4 (1, 3, 4, 2) of Eq. (2.2) give the same integrated result. The differences
in the integrands I4(1, 2, 3, 4), I4(1, 4, 2, 3), and I4(1, 3, 4, 2), are
∆I4(1
−, 2−, 3+, 4+) =
istAtree4 (1
−, 2−, 3+, 4+)
2s(s t)
∏4
i=1 p
2
i
[
s p21 p
2
2 + t p
2
3 p
2
4 + u p
2
4 p
2
1 + 2 s t µ
2
]
, (5.9a)
∆I4(1
−, 4+, 2−, 3+) =
istAtree4 (1
−, 2−, 3+, 4+)
2s(t u)
∏4
i=1 p
2
i
[
u p21 p
2
2 + s p
2
2 p
2
3 + t p
2
3 p
2
4 + 2 t u µ
2
]
, (5.9b)
∆I4(1
−, 3+, 4+, 2−) =
istAtree4 (1
−, 2−, 3+, 4+)
2s(s u)
∏4
i=1 p
2
i
[
u p22 p
2
3 + t p
2
3 p
2
4 + s p
2
4 p
2
1 + 2 s u µ
2
]
, (5.9c)
where we use the labeling convention of Fig. 2 so that two-particle cut-free terms may be
readily identified (see Fig. 5). We notice that, aside from the µ2 term, this difference does
not survive either of the two-particle cuts. Integrals of this type—bubble-on-external-leg
integrals sans the on-shell intermediate propagator, as in Eq. (3.3)—vanish in dimensional
regularization (see Ref. [34]). Furthermore, the µ2 box integral does not contribute because
it is O(ε) [23]. Hence, our integrated color-ordered amplitudes agree with those of Ref. [27].
C. N = 0 Yang-Mills All-Plus-Helicity BCJ Numerators
The contribution from a real scalar in the loop of a four-point one-loop amplitude has been
computed in Ref. [23], where the external gluons are in the all-plus-helicity configuration.
In the all-plus-helicity sector, the color-ordered amplitude for a gluon in the loop is simply
twice that of a massless scalar,
A˜
(1) gluon
4
(
1+, 2+, 3+, 4+
)
=
[12] [34]
〈12〉 〈34〉
∫
d4p
(2π)4
d−2εµ
(2π)−2ε
2 µ4∏4
i=1 p
2
i
, (5.10)
where again we use a tilde to denote the results from existing literature. Because the spinor-
helicity prefactor and µ4 are invariant under relabelings of the external momenta and the
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loop momentum, we can immediately read off the BCJ numerators:
n˜1-3 =
[12] [34]
〈12〉 〈34〉 2 µ
4, (5.11a)
n˜4-12 = 0, (5.11b)
where we again use the labeling conventions of Fig. 6. (We identify [12][34]〈12〉〈34〉2µ
4 as a box
numerator because the four propagators present are those of the box diagram.)
Now, we construct all-plus-helicity N = 0 BCJ numerators in the same way as Sec-
tions VA and VB. However, we find that each box numerator in the all-plus-helicity sector
is just as long as the formal-polarization expression; there is no simplification like we ob-
served in Section VB. Furthermore, the non-box numerators do not vanish as in Eq. (5.11b).
The color-ordered amplitude integrands, too, are more complicated than Eq. (5.10). For in-
stance,
∆A
(1) gluon
4
(
1+, 2+, 3+, 4+
)
=
[12] [34]
〈12〉 〈34〉
∫
d4p
(2π)4
d−2εµ
(2π)−2ε
1(∏4
i=1 p
2
i
)
6s2 t2 (s+ t)
×
[
s
(−3s2 − 2ts+ t2) p23 p64 + st(t− 5s) p21 p64 + (3s3 + ts2 + t2s+ 3t3) p43 p44
+ s
(
6s2 + 11ts+ 9t2
)
p22 p
2
3 p
4
4 − 2t
(−3s2 + 4ts+ 3t2) p21 p23 p44 + st(9s+ 17t) p21 p22 p44
+ 3t2(t− 3s) p41 p44 + t
(
s2 − 2ts− 3t2) p63 p24 − 2s (3s2 + 4ts+ 3t2) p22 p43 p24
− st(3s+ t) p21 p43 p24 − s2(3s+ 7t) p42 p23 p24 − 2st(7s+ 13t) p21 p22 p23 p24 + t2(17s+ 9t) p41 p23 p24
− 2s2t p21 p42 p24 − 8st2 p41 p22 p24 − 6t3 p61 p24 + st(s+ t) p22 p63 + 3s2(s+ t) p42 p43
+ st(5s+ 9t) p21 p
2
2 p
4
3 + 4s
2t p21 p
4
2 p
2
3 + 4st
2 p41 p
2
2 p
2
3 − 12i
(
s2 − t2) (l · v) p23 p44
+ 12i(s− t)t(l · v) p21 p44 + 12i
(
s2 − t2) (l · v) p43 p24 + 4is(3s+ 7t)(l · v) p22 p23 p24
− 4it(5s+ 3t)(l · v) p21 p23 p24 + 8ist(l · v) p21 p22 p24 + 24it2(l · v) p41 p24 − 12is(s+ t)(l · v) p22 p43
− 16ist(l · v) p21 p22 p23 + st
(
7s2 + 6ts− t2) p23 p44 + s(11s− t)t2 p21 p44
+ st
(−s2 + 6ts+ 7t2) p43 p24 − s2t(5s+ t) p22 p23 p24 − st2(13s+ 5t) p21 p23 p24 + 8s2t2 p21 p22 p24
+ 12st3 p41 p
2
4 − s2t(s+ t) p22 p43 − 4s2t2 p21 p22 p23 + 24ist(s+ t)(l · v) p23 p24
− 24ist2(l · v) p21 p24 − 4s2t2(s+ t) p23 p24 + 6st2
(
2sµ2 + 2tµ2 − st) p21 p24], (5.12)
where we again use the labeling convention of Fig. 2 so that two-particle cut-free terms may
be readily identified. (We do not include contributions from bubble-on-external-leg diagrams
since we demanded that they integrate to zero, as discussed in Section III.) There are no
terms that survive either two-particle cut of Fig. 5. We then argue, as we did in Section VB,
that this difference vanishes after integration. The tensor integrals involving p · v present no
additional complications. By Lorentz invariance, the only objects that can contract with the
dual vector, vµ, after integration are external momenta. These scalar products vanish. The
other color-ordered amplitudes agree after integration, as well. Even though our amplitudes
agree with literature, converting the formal-polarization numerators into a helicity basis
using the method of Section IV yields rather complicated terms that then integrate to zero.
Of course, these terms can be dropped immediately upon encountering them because they
contain no s- or t-channel cuts.
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VI. CONCLUSIONS
In Ref. [8], a representation for the one-loop four-point amplitude of pure Yang-Mills
theory was constructed with the duality between color and kinematics manifest. In this
paper, we extended the discussion by finding BCJ representations with fermions and scalars
circulating in the loop. The presented expressions are valid in arbitrary dimensions and
are written in terms of formal polarization vectors. Knowing the contributions from matter
in the loop allowed us to construct supersymmetric BCJ amplitudes with external gluons.
Furthermore, we found representations with improved loop-momentum power counting when
supersymmetric field content is present.
We then compared a subset of our results to three amplitudes in literature that obey
color-kinematics duality: the N = 4 sYM amplitude of Ref. [26], the N = 1 (chiral) MHV
sYM amplitude of Ref. [27], and theN = 0 all-plus-helicity YM amplitude of Ref. [23]. These
amplitudes were expressed in a four-dimensional helicity basis. Our formal-polarization BCJ
numerators are lengthy in comparison to previously obtained BCJ numerators given in four-
dimensional helicity representations, so it was interesting to see what simplifications occur
with helicity bases.
The N = 4 formal-polarization numerators were identified as stAtree4 , so we immedi-
ately obtained the well-known results. Putting our N = 1 (chiral) numerators into a four-
dimensional MHV configuration revealed a simplification on par with Ref. [27]. While these
numerators are not in exact agreement with Ref. [27], we showed that both sets of BCJ nu-
merators produced the same amplitudes after integration. Likewise, our N = 0 numerators
in the all-plus-helicity configuration produced the same integrated amplitude as Ref. [23].
However, our all-plus-helicity numerators contained reasonably complicated terms that van-
ish on the unitarity cuts. For the generic case of nonsupersymmetric amplitudes there does
not appear to be any such simplification.
In summary, we provided further examples showing that BCJ duality appears to extend
to loop level even without supersymmetry. It would be important, not only to construct
further loop-level examples, but to find a systematic means of constructing loop integrands
in a form compatible with BCJ duality without relying on an ansatz.
Acknowledgments
I would like to express my gratitude to Z. Bern and S. Davies for their countless insights
throughout the course of this work. I would also like to thank T. Dennen, M. Søgaard,
E. Serna Campillo, J. J. M. Carrasco, and R. Roiban for helpful discussions along the way.
Finally, I would like acknowledge J. Stankowicz, S. Litsey, and A. Sivaramakrishnan for their
input in the preparation of this paper. This material is based upon work supported by the
Department of Energy under Award Number DE–SC0009937.
Appendix A: SUSY BCJ Box Numerators
In this appendix, we provide the four-dimensional N = 4 and N = 1 (chiral) BCJ box
numerators with formal polarization vectors. As discussed in Section III, supersymmetry
reduces the maximum power of loop momentum in our box numerators. Specifically, it is
reduced from O(p4) in N = 0 to O(p2) in N = 1 and O(p0) in N = 4. While clearly
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seen in the N = 4 expression below, this property is not explicit in the N = 1 (chiral)
expression. The improved power counting is only manifest when the inverse propagators in
the numerators are expanded. For example, observing the labeling convention of Fig. 2 for
the box numerator with external-leg ordering (1, 2, 3, 4), we would have to expand p23 as so,
p23 = (p− k1 − k2)2 = p2 − 2 (p · k1)− 2 (p · k2) + s2. (A1)
The N = 4 BCJ box numerator in four dimensions is as follows:
nN=41234;p = −i
[
−1
4
E13 E24 s t + 12 E14 E23 s t+ 12 E14 E23 s2 − E13 K24 K42 s
− E24 K23 K41 s− 2 E12 K23 K34 s− E13 K12 K34 s− 2 E23 K24 K31 s
− 2 E12 K23 K24 s− 2 E13 K12 K24 s− 2 E14 K12 K23 s− 2 E14 K12 K13 s
]
+ cyclic. (A2)
Even with formal polarization vectors, we can identify this as stAtree4 (1, 2, 3, 4).
The N = 1 (chiral) BCJ box numerator in four dimensions is
n
N=1(chiral)
1234;p = −i
[
−1
4
E12 E34 p21 p23 + 14 E13 E24 p21 p23 + 14 E12 E34 p21 p22 − 14 E13 E24 p21 p22
+ 1
4
E14 E23 p21 p22 − 14 E14 E23
(
p21
)2 − E23 K41 P44 p21 + E12 K34 P33 p21 − E24 K31 P33 p21
+ E34 K41 P22 p21 + E34 K31 P22 p21 + E13 K24 P22 p21 − E23 K34 P11 p21 − E23 K24 P11 p21
− 1
4
E12 E34 p22 s+ 14 E13 E24 p22 s− 14 E14 E23 p22 s+ 14 E14 E23 p21 s− 12 E13 P22 P44 s
− 1
2
E24 P11 P33 s+ E34 P11 P22 s+ 12 E34 K41 K42 p21 + 12 E34 K31 K42 p21 + 12 E13 K24 K42 p21
− 1
2
E14 K23 K42 p21 − 32 E23 K34 K41 p21 − E23 K24 K41 p21 + 12 E34 K12 K41 p21 − 12 E23 K31 K34 p21
+ 1
2
E12 K23 K34 p21 − 12 E23 K24 K31 p21 − 12 E24 K23 K31 p21 + 12 E34 K12 K31 p21
+ 1
2
E13 K12 K24 p21 − 12 E14 K12 K23 p21 −K24 K42 P11 P33 + 2K23 K34 P11 P22
+ 2K13 K34 P11 P22 + 12 E34 K41 P22 s− 12 E13 K34 P22 s− 12 E13 K24 P22 s + 12 E14 K23 P22 s
+ 1
2
E34 K42 P11 s+ 12 E23 K34 P11 s+ 12 E23 K24 P11 s− 12 E24 K23 P11 s+ 12 E34 K12 P11 s
+K23 K34 K42 P11 −K23 K24 K42 P11 −K13 K24 K42 P11 −K12 K23 K24 P11
−K12 K13 K24 P11 − 116 E13 E24 s t + 18 E14 E23 s t− 14 E13 K24 K42 s + 12 E23 K24 K41 s
− 1
4
E24 K23 K41 s− 14 E13 K12 K34 s− 12 E13 K12 K24 s+ 12 E14 K12 K23 s− 14 K13 K24 K31 K42
− 1
2
K12 K23 K34 K41 −K12 K23 K31 K34 − 12 K12 K13 K31 K34 −K12 K23 K24 K31
−K12 K13 K24 K31
]
+ cyclic. (A3)
Appendix B: Determination of the Phase Factor
We determine the phase factor, Phi(i; j1, j2), through comparison with the spinor-helicity
representation of the polarization vectors (cf. Ref. [42]):
εµ±(i; j1) ≡ ±
〈
j∓1
∣∣ γµ |i∓〉√
2
〈
j∓1 |i±
〉 . (B1)
Using the spin sum completeness relation in the massless limit,
/p =
∑
s=1,2
us(p)u¯s(p) = u+(p)u¯+(p) + u−(p)u¯−(p) =
∣∣p+〉 〈p+∣∣+ ∣∣p−〉 〈p−∣∣ , (B2)
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and 〈
i−|j+〉 ≡ 〈ij〉 , 〈i+|j−〉 ≡ [ij] , 〈i+|j+〉 = 0, 〈i−|j−〉 = 0, (B3)
we find, for kj2 6= ki 6= kj1,
kj2 · εhi(i; j1) = ±
〈
j∓1
∣∣ /kj2 |i∓〉√
2
〈
j∓1 |i±
〉 =


+ 〈j1j2〉[j2i]√
2〈j1i〉 , if hi is +
− [j1j2]〈j2i〉√
2[j1i]
, if hi is −
= −
√
sj1j2sj2i
2 sj1i
e−ihi(φij2−φj1j2+φij1).
(B4)
Without loss of generality, we compare this result to the inner product of kj2 with the
momentum basis representation of Eq. (4.9),
kj2 · εhi(i; j1, j2) = Phi(i; j1, j2)
√
sj1j2sj2i
2sj1i
, (B5)
to conclude that
Phi(i; j1, j2) = −e−ihi(φij2−φj1j2+φij1). (B6)
Since there are only three independent external momenta, there is nothing special about
choosing kj2 as both the second reference momentum in Eq. (B5) and as the momentum to
contract with the polarization vectors in Eqs. (B4) and (B5). The other choice leads to the
same result: there is a minus sign from momentum conservation on the external legs and
also a minus sign due to momentum conservation in the phase factors from Eqs. (4.3).
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